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Introduction

I N various problems of modeling steady and unsteady aerody-
namic loads, it is useful to know the explicit dependence of the

loads on the airfoil upper-surface separation point location, for ex-
ample, see Ref. 1. We consider an approach based on classical thin
airfoil theory, for symmetrical airfoils at small angles of attack, that
is, inclined flat plates.2−4 A separated region in an ideal fluid is mod-
eled as a semi-infinite zone of uniform pressure with Kirchhoff’s
free streamline boundaries, originating from a prescribed location
on the airfoil upper surface and from the trailing edge. A closed-
form solution for lift and pitching moment coefficient is obtained
by assuming small angles of attack and thin separated regions, thus
allowing linearization.

The linear solution is obtained in singular integral form.5 It is
then compared to the Chaplygin and Lavrentiev classical solution6

and an XFOIL solution7,8 for a NACA 0012 airfoil.
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Linear Thin Airfoil Theory with Flow Separation
The flowfield in the physical plane is shown in Fig. 1a. To make

the problem dimensionless, the airfoil has unit chord and the velocity
at infinity is a vector of unit magnitude. Free streamlines emanate
from the airfoil trailing edge and the upper-surface separation point.
On these streamlines, the pressure is uniform and equal to the value
at infinity. The difficult task of determining the geometry of these
streamlines is circumvented in the linear approximation, where the
respective boundary conditions can be enforced on the Ox axis.

Because the vorticity vanishes everywhere except on the airfoil
boundary and the free streamlines, the velocity field has a potential.
When the boundary-value problem is posed in terms of the distur-
bance potential ϕ, the boundary conditions become no through-flow
on the wetted portion of the airfoil, uniform pressure on the bound-
aries of the separated zone (equivalent to zero streamwise com-
ponent of disturbance velocity), finite velocity at both separation
points, and the disturbance potential decaying to zero at infinity:

�ϕ = 0

ϕy = V (x), 0 < x < xs, y = +0

ϕy = V (x), 0 < x < 1, y = −0

ϕx = 0, xs < x < ∞, y = +0

ϕx = 0, 1 < x < ∞, y = −0

ϕx < ∞, x = xs, y = +0

ϕx < ∞, x = 1, y = −0

ϕ → 0, x2 + y2 → ∞ (1)

V (x) is known on the wetted portion of the airfoil, as a function
of angle of attack and airfoil shape. Appealing to complex variables
theory, we introduce the complex flow potential W , and seek the
complex conjugate disturbance velocity dW/dz = U − i V , where
U = ϕx and V = ϕy . We use the conformal mapping ζ = √

z, which
maps the physical plane z = x + iy with branch cut along the positive
side of the real axis, corresponding to the airfoil and separated zone,
onto the upper-half of the image plane, ζ = ξ + iη (Fig. 1). The
complex conjugate velocities in the two planes are related through

dW

dz
= dW/dζ

dz/dζ
= 1

2ζ

dW

dζ

a)

b)

c)

Fig. 1 Schematic for flow about a thin airfoil with upper-surface sep-
aration, in a) the linear approximation, b) the physical plane z = x + iy,
and c) the image plane ζ = ξ + iη.
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from which we obtain the following relation between the disturbance
velocity components in the ζ plane with η = 0 and the z plane on
the airfoil and the separated region:

u(ξ) = 2ξU, v(ξ) = 2ξV (2)

Thus, in the ζ plane, we have a boundary-value problem for the
harmonic function dW/dζ , where on one portion of the real axis,
−∞ < ξ < −1 and ξs < ξ < ∞, the real part of the function u(ξ) = 0
is given, and on the other portion, −1 < ξ < ξs , its imaginary part,
v(ξ), is given.

Following Refs. 2 and 5, the solution of this boundary-value prob-
lem can be written as the singular integral,

dW

dζ
= 1

iπ

√
(ζ + 1)(ζ − ξs)

∫ ξs

−1

v(s) ds

(s − ζ )
√

(s + 1)(ξs − s)
(3)

from which the airfoil velocity distribution can be expressed in the
form

u(ξ) = 1

π

√
(ξ + 1)(ξs − ξ)

∫ ξs

−1

v(s)ds

(s − ξ)
√

(s + 1)(ξs − s)
(4)

For separated flow about a symmetric airfoil at an angle of attack
greater than the dimensionless airfoil thickness, the dominant term
in the vertical velocity component at the airfoil boundary is

V (x) = −α

in the physical plane, and

v(ξ) = −2αξ (5)

in the image plane.
Substituting this value into expression (4), we obtain

u(ξ) = −2α

π

√
(ξ + 1)(ξs − ξ)

∫ ξs

−1

s ds

(s − ξ)
√

(s + 1)(ξs − s)

for the disturbance velocity horizontal component at the airfoil
boundary.

When the definite integral
∫ ξs

−1

s ds

(s − ξ)
√

(s + 1)(ξs − s)
= π

is evaluated, the final expression for the disturbance velocity in the
image plane becomes

u(ξ) = −2α
√

(ξ + 1)(ξs − ξ) (6)

which is linear in angle of attack and nonlinear in upper-surface
separation point location, ξs = √

xs .
The normal force and pitching moment coefficients are found

from the velocity distributions. In the physical plane we have

CN = 2

∫ 1

0

(Cp− − Cp+) dx

Cm = −2

∫ 1

0

(Cp− − Cp+)(x − xCG) dx (7)

Here xCG is the reference point for pitching moment coefficient.
The plus and minus subscripts refer to the upper and lower airfoil
surfaces, respectively, and the pressure coefficient Cp is

Cp = (p − p∞)/ρ = −U (x) = −u(ξ)/2ξ

Integrate along the airfoil in the image plane ζ , then

CN = −2

∫ ξs

−1

u(ξ) dξ, Cm = −2

∫ ξs

−1

ξ 2u(ξ) dξ − xCGCN

(8)

Substitute the expressions for velocity distribution (6), then

CN = 4α

∫ ξs

−1

√
(ξ + 1)(ξs − ξ) dξ

Cm = −4α

∫ ξs

−1

ξ 2
√

(ξ + 1)(ξs − ξ) dξ − xCGCN

The integrals on the right hand side evaluate to

∫ ξs

−1

√
(ξ + 1)(ξs − ξ) dξ = π(ξs + 1)2

∫ ξs

−1

ξ 2
√

(ξ + 1)(ξs − ξ) dξ = 5π

128

(
ξ 2

s − 1
)2 + π

3
ξs(ξs + 1)2

Thus, we obtain

CN = (π/2)α(1 + ξs)
2

Cm = −(π/32)α(1 + ξs)
2
(
5 − 6ξs + 5ξ 2

s − 16xCG

)
(9)

These formulas give the explicit effect of separation point location
on the airfoil lift and pitching moment, in the linear approximation.
Also note that the expressions for CN were obtained earlier by other
means in Refs. 3 and 4. In fully attached flow (xs = 1, ξs = 1), the
usual relations for thin airfoils are recovered:

CN = 2πα, Cm = −2πα
(

1
4 − xCG

)

Nonlinear Model for Separated Flow About an Airfoil
The preceding main simplifying assumptions were that the zone

of separated flow is thin and that its boundary conditions can instead
be enforced on the longitudinal axis. We now examine the error in
velocimetry distribution and aerodynamic loads introduced by this
simplification.

In 1933, Chaplygin and Lavrentiev6 solved the nonlinear problem
of separated two-dimensional irrotational incompressible flow about
a flat plate with trailing-edge separation. The separated zone was
also modeled as an infinite Kirchhoff zone. The angle of attack can
take on arbitrarily large values, and the boundary conditions on the
boundary of the separated region are not projected onto the x axis,
but are enforced on the physical boundary of the separated region,
whose geometry is ascertained as part of the solution.6

A schematic is given in the Fig. 2a. The plate BD has length of
unity, and freestream U0 = 1, also of unity magnitude, is inclined
at infinity at some arbitrary angle α to the plate. The point A on
the plate’s lower surface is the stagnation point. Separation occurs
at point C on the upper surface, forming the free boundary CE, on
which the pressure is uniform and equal to the value at infinity. The
shape of the CE curve is determined as part of the solution. Separa-
tion on the lower surface occurs at point D, the airfoil trailing edge.
DE is likewise a free boundary, whose shape is to be determined.

The domain of the complex flow potential W = 	 + i
 is a plane
with branch cut along the positive real axis (Fig. 2b). The problem
is solved with the help of a conformal mapping that maps the first
quadrant of the plane with the image variable ζ (Fig. 2) onto the
region where the complex potential W and complex velocity dW/dz
vary. Corresponding points in the two planes are denoted as follows:
ζ = µ corresponds to the critical point A in the plane ζ , ζ = ν cor-
responds to the plate leading edge B, and ζ = i corresponds to point
E, infinitely distant. The function W (ζ ) has a second-order zero
at point A and a second-order pole at E. When the function W (ζ )
is continued onto the entire ζ plane using the symmetry principle,
W (ζ ) likewise has a second-order zero at ζ = −µ and a second-
order pole at ζ = −i . From these singularities one can find that

W (ζ ) = N [(ζ 2 − µ2)/(ζ 2 + 1)]2 (10)
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a)

b)

c)

Fig. 2 Schematic for flow about a plate with upper-surface separation
in the Chaplygin–Lavrentiev problem, in a) the z = x + iy plane, b) the
complex potential plane W = Φ + iΨ, and c) the image plane ζ = ξ + iη

where N is some real constant. When Eq.(10) is differentiated,

dW

dζ
= a

ζ(ζ 2 − µ2)

(ζ 2 + 1)3
(11)

where the notation a = 4N (1 + µ2) is introduced.
Analogous consideration of the singularities of dW/dz in the ζ

plane, using the symmetry principle and the fact that dW/dz = 1 at
infinity, led the authors6 to conclude that

dW

dz
= (ζ − µ)(ζ + ν)

(ζ + µ)(ζ − ν)
(12)

From this relation, one can solve for the unknown constants µ and
ν and the inclination angle of the freestream at infinity. We introduce
the notation k = tan α/2. When ζ = i is substituted into Eq. (12),

k = (ν − µ)/(1 + µν) (13)

When Eqs. (11) and (12) are compared,

dz

dζ
= a

ζ(ζ + µ2)2(ζ − ν)

(ζ − ν)(ζ 2 + 1)3
(14)

This is a differential relation between the z and ζ planes. Chaply-
gin and Lavrentíiev expanded (14) into partial fractions, and noting
that z = 0 when ζ = 0, integrated and obtained the final form of the
mapping from the image plane ζ onto the physical plane z:

z

a
= Cζ − B

4(ζ 2 + 1)2
+ (3C + 4E)ζ − 4D

8(ζ 2 + 1)
+

(
3

8
C + E

2
+ H

)
arctan ζ

+ F

2
ln

ν2(ζ 2 + 1)

(ζ + ν)2
+ B

4
+ D

2
(15)

where the coefficients B, C, D, E, F , and H are expressed in terms
of k and ν:

B = − (1 − k2)(1 + ν2)

(1 + kν)2
, C = 2k(1 + ν2)

(1 + kν)2

D = 1 + 2kν − k2ν2

(1 + kν)2
, E = −2k(1 + kν + ν2)

(1 + kν)2

F = − 2k2ν2

(1 + ν2)(1 + kν)2
, H = 2k2ν3

(1 + ν2)(1 + kν)2

Because the airfoil leading edge z = −1 (point B) corresponds to
the point ζ = ν, an expression for the unknown real coefficient a
can be found. From Eq. (15) we get

− 1

a
= Cν − B

4(ν2 + 1)2
+ (3C + 4E)ν − 4D

8(ν2 + 1)

+
(

3

8
C + E

2
+ H

)
arctan ν + F

2
ln

(ν2 + 1)

4
+ B

4
+ D

2

(16)

An analogous relation for C (ζ = ∞, z = xs − 1) gives

(xs − 1)/a = (π/2)
[

3
8 C + E/2 + H

]+ F ln ν + B/4 + D/2 (17)

For given values of k and xs , the preceding expressions can be
considered as nonlinear equations for ν. The quantity a in this ex-
pression is explicitly found from k and ν, with the help of Eq. (16).

Lacking computers, Chaplygin and Lavrentiev obtained approx-
imate solutions, but only for three values of angle of attack (5, 10,
and 15 deg) and for two or three separation point locations for each
angle. However today, a numerical solution of the nonlinear equa-
tion (17) is straightforward.

Computations where organized as follows: the angle of attack
(parameter k) and location of separation on the plate upper sur-
face (xs) are prescribed. Equation (17) is solved numerically for the
parameter ν. Then the parameter µ is found from

µ = (ν − k)/(1 + kν) (18)

which immediately follows from Eq. (13). This means that the prob-
lem has now been solved in parametric form. For example, with the
help of relation (15), specifying a ζ ∈ (0, i) gives the shape of the
streamline DE, and specifying a ζ ∈ (i, i∞) gives the shape of
the free streamline CE, emanating from the airfoil upper surface.

The nondimensional flow speed at the plate is then given by

U = (ζ − µ)(ζ + ν)

(ζ + µ)(ζ − ν)
(19)

which follows from formula (11) for the upper surface if we take
ζ ∈ (ν, ∞) and for the lower surface if ζ ∈ (0, ν).

In Ref. 6, the dimensionless total force on the plate with separation
is given as

Cτ + iCN = −i

∮
dz (20)

where the contour integral is taken around the point at infinity, which
corresponds to the point E (ζ = i) in the image plane ζ . With the
help of expression (15), this integral is readily evaluated:

Cτ + iCN = πa
[

F − i
(

3
8 C + 1

2 E + H
)]

(21)

Thus, after the numerical solution of the problem and evaluation
of the parameter ν, one can calculate the loading on the plate.

Calculation of the pitching moment is somewhat more involved.
The authors6 did not consider this question. We compute the pitching
moment numerically from the velocity distribution (19). Along with
Cm , one can also numerically integrate to find CN and compare that
with the analytical result (21). Discretization of the airfoil surface
was considered satisfactory when the numerically computed CN

differed from the analytical value by no more than 2–3%.
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Fig. 3 Airfoil velocity distributions at α= 10 and 20 deg with flow sep-
aration at xs = 0.5: – – –, linear approach and ——, nonlinear approach.

Fig. 4 Variation of normal force coefficient with angle of attack α for
different values of upper-surface separation point xs: – – –, linear theory
and ——, nonlinear theory.

Comparison of Linear and Nonlinear Theories
Figure 3 shows airfoil velocity distributions with upper-surface

separation onset at xs = 0.5, for α = 10 and α = 20 deg. Solid
lines indicate results obtained from formula (19) and dashed lines
from linear theory (6). Formula (6) gives the disturbance velocity,
Whereas Eq. (19) is for the total velocity distribution. I herefore, for
comparison purposes, a freestream velocity of U0 = 1 was added
to the linear-theory result. For α = 10 deg, the linear and nonlinear
results are practically identical. Agreement is worse at α = 20 deg,
but the simple linear theory still captures the trend of the Chaplygin–
Lavrentiev solution.

In Fig. 4, the solid lines denote the Chaplygin–Lavrentiev results
for CN , in the angle-of-attack range of α = 0–20 deg, for upper-
surface separation point locations of xs = 0, 0.2, 0.4, 0.6, 0.8, and
1.0. Dashed lines show the corresponding linear theory results. The
linear theory somewhat overpredicts CN , with the discrepancy in-
creasing with increasing size of the separated region.

For xs = 0 (leading-edge separation), the Chaplygin–Lavrentiev
solution matches the classical Rayleigh solution9 for an inclined
plate with separation from sharp leading and trailing edges. In mod-
eling a Kirchhoff separated region, Rayleigh obtained the following
expression for normal force coefficient:

CN = 2π sin α

4 + π sin α
(22)

Figure 5 shows pitching moment coefficient Cm taken about the
point xCG = 0.25, as a function of angle of attack α and upper-surface
separation point location xs . Linear-theory results given by formula
(9) are in Fig. 5a, Whereas results from numerical integration of the

a)

b)

Fig. 5 Comparison of pitching moment coefficient, taken about
xCG = 0.25, for various values of α and xs: a) linear theory and b) non-
linear theory.

Chaplygin–Lavrentiev pressure distribution are in Fig. 5b. At least
qualitatively, the agreement between the two is good.

Comparison of Analytic and Computational
Results for Airfoil in Separated Flow

XFOIL, as a representative of modern airfoil codes, was applied
to the test case of a NACA 0012 airfoil in the angle-of-attack range
α = 0–19 deg at M = 0.15 and Re = 1 × 106. These conditions were
deemed typical of experimental conditions in moderate-scale sub-
sonic wind tunnels. The mentioned linear and nonlinear theories
require the specification of how the upper-surface separation point
varies with angle of attack. The separation point location was taken
as the point where the skin-friction coefficient C f vanishes, accord-
ing to XFOIL’s integral boundary-layer calculation. A leading-edge
separation bubble can produce a pocket near the leading edge where
C f < 0, but at Re = 1 × 106, this does not in general lead to an open
separation region, because transition in the free shear layer generally
leads to turbulent reattachment.

Calculated results for the NACA 0012 airfoil for separation point
locations xs(α) are given in the lower part of Fig. 6. Normal force
and pitching moment coefficients are given in the upper part of
Fig. 6. The pitching moment reference point was xCG = 0.25. XFOIL
results are the solid lines 1 with open circles. Steps in angle of attack
were �α = 0.1 deg at the higher angles of attack. Solid lines 2 are
the calculated nonlinear theory results for CN (α) and Cm(α), and
dashed lines 3 are the linear theory results, given by formula (9).
The relation xs(α) was used to obtain both the linear and nonlinear
analytic results.

Nonlinear behavior of the calculated normal force coefficient CN

in the angle-of-attack range α = 6–8 deg is due to a laminar sep-
aration bubble near the leading edge, for which neither the linear
nor the nonlinear analytic theories can account. At large angles of
attack, α > 12 deg, growth of trailing-edge separation also leads to
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Fig. 6 Comparison of results for separated flow for NACA 0012 airfoil
for M = 0.15 and Re = 1 ×× 106 using XFOIL (1), the nonlinear theory
(2), and the linear theory (3). In (2) and (3) the separation point location
xs(α) was prescribed from XFOIL output (lower part of the figure).

nonlinear behavior in CN (α) and Cm(α). The linear and nonlinear
analytic methods are in reasonable qualitative agreement with the
XFOIL prediction of this nonlinear variation. Interestingly, the lin-
ear results happen to be in closer agreement with XFOIL than the
nonlinear. Evidently, errors due to absence of airfoil thickness and
the projection of boundary conditions onto the longitudinal axis to
some extent cancel one another.

Conclusions
A solution, linear in angle of attack, is given for flow about a thin

symmetric airfoil, that is, an inclined flat plate, with a semi-infinite
separated region. This solution allows one to ascertain explicitly
the effect of the development of upper-surface separation on the
airfoil lift and pitching moment coefficients. The main drawback is
the enforcement of the uniform-pressure boundary condition on the
corresponding segments of the real axis, rather than on the actual
boundary of the separated region. Physically, this assumes that the
separated region is thin. Errors resulting from such an approximation
were estimated by a comparison with the Chaplygin–Lavrientiev
classical nonlinear solution. The linear solution was also compared
with XFOIL results for a NACA 0012 airfoil. XFOIL’s prediction
of the location of the upper surface separation point was input into
the analytic solutions, to obtain the static dependency of lift and
pitching moment coefficients on angle of attack. Results from the
linear and nonlinear analytic solution and the XFOIL computation
were in satisfactory agreement.
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Limit-Cycle Oscillations of Swept-Back
Trapezoidal Wings at Low

Subsonic Flow
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Introduction

T HE effect of sweep angle and taper ratio of swept back trape-
zoidal wings based on geometrically nonlinear von Kármán

plate theory is studied in this Note. A three-dimensional time-
domain vortex lattice aerodynamic model is used to investigate the
flutter characteristics and limit-cycle oscillations of a low aspect
ratio swept back trapezoidal wing at low subsonic flow.

Flutter characteristics and nonlinear response of cantilevered,
low-aspect ratio, rectangular and delta wing models in low sub-
sonic flows have been studied recently. Hopkins and Dowell1 and
Weiliang and Dowell2 studied the limit-cycle oscillations of rect-
angular cantilever plates in high supersonic flow. Their results pro-
vided good physical understanding about the flutter and limit-cycle
oscillation characteristics for such plates in a high Mach number
supersonic flow. Tang and Dowell3 and Tang et al.4 investigated
limit-cycle oscillations of cantilever rectangular and delta plates at
low subsonic flow. Their analysis included the vortex lattice theory
in a reduced-order aerodynamic model. They investigated the effect
of a steady angle of attack on both the flutter instability boundary
and the limit-cycle oscillations. Bakhtiari-Nejad and Shokrollahi5

conducted an aeroelastic eigenanalysis of a cantilever plate in low
subsonic flow to predict flutter onset. The effect of local forcing
functions on the response of a cantilever plate at low subsonic flow
was also studied by Bakhtiari-Nejad et al.6 In that paper, the piezo-
electric actuators were used to model the local forcing functions and
the effect of their positions on flutter suppression.

Theoretical Development
A plan view schematic diagram of a wing-plate geometry with a

three-dimensional vortex lattice model of unsteady flow is shown in
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